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Vibration of a Mistuned Bladed-Disk Assembly
Using Structurally Damped Beams
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A model of a mistuned bladed disk is created and then analyzed for both free and forced vibrations. The model
consists of structurally damped, Euler–Bernoulli beams connected at one end using springs. The model is useful
in the prediction of the response of a turbine engine bladed disk in which only some of the blades have added
damping. (This situation arises in the experimental analysis of damping treatments.) The natural frequencies
and eigenfunction sets are obtained by assuming harmonic motion and imposing the boundary conditions. The
eigensolution was veri� ed using a small NASTRAN model. The forced response due to phased, harmonic tip
loads is obtained by modalizing the equations using a technique recently developed by Turcotte (Turcotte, J. S.,
“An Analytical Model for the Forced Response of Cyclic Structures,” Journal of Sound and Vibration, Vol. 209,
No. 3, 1998, pp. 531–536). The physical response is obtained as a function of forcing frequency by truncation and
summationof the modal responses. The results are in general agreement with those of existing discrete models but
have much greater detail.

Nomenclature
Ai ; Bi ; Ci ; Di = eigenfunctioncoef� cients of the general solution
bi = thickness of beam i
.E I /i = � exural rigidity of beam i
F = magnitude of the applied point loads
h = height of all beams
j = imaginary unit

p
¡1

klc = linear coupling spring constant
klg = linear grounding spring constant
krc = rotational coupling spring constant
krg = rotational grounding spring constant
l = length of all beams
m i = mass per unit length of beam i
n = number of beams, range of index i
pi = distributed transverse load applied to beam i
x = independent spatial variable
Yis = eigenfunctionof beam i in mode s
yi = displacementof beam i
¯i = eigenvalue of mode i
°i = structural damping factor of beam i
± = Dirac’s delta function
´r = time-dependentmodal coordinate of mode r
µi = phase of load applied to beam i compared to

beam 1
½ = density of beam material
! = excitation frequency
N!2

r = eigenvalue of mode r

Introduction

I NTEREST in the study of mistuned bladed disks is accelerat-
ing due to continually increasing performance requirements in

military aircraft turbine engines. Mistuning is a term used for the
introduction of imperfections into a structure that usually cause a
qualitative change in the eigenstructure of an otherwise symmetric
structure. The early work of Ewins1 used receptance methods to
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connect beams to a disk but did not include damping. In a more
recent study, Shankar and Keane2 used both � nite element and re-
ceptancemethodsto predictthe vibrationalenergy� owbetween two
beams connected by springs. Receptance methods use the summa-
tion of eigenfunctions of components (Green functions) as a basis
for approximating the eigenfunctionsof the system.

Because of the practice of testing damped blades by applying
damping treatments to only a few blades of an otherwise undamped
assembly, Hollkamp et al.3 studied the response of a lumped model
of a mistuned bladed-disk assembly with unequal damping. They
used single-masselements for each blade and used the strain energy
method to determine the modal damping rather than performing
a complex eigenanalysis. Their results indicate that the level of
coupling between the blades plays a major role in one’s ability to
discern the contribution of damping treatments. More speci� cally,
moderatecouplingcombinedwith small mistuningcan causemodal
strainenergyto be distributedamong dampedand undampedblades.
This makes it dif� cult to determine the effectiveness of damping
treatments.

The present work re� nes the analysis in Ref. 3 by using beams to
represent the blades and by performing the complex eigenanalysis.
In addition, we use the approach outlined by Turcotte,4 which does
not rely on Green functionsof the componentsand, therefore,yields
exact resultsfor theeigenvaluesandeigenfunctionsetsof thesystem.
We investigate both lightly and moderately coupled systems and
compare the results.

Euler–Bernoulli Beam Model
An illustration of the model used in this research is shown in

Fig. 1. The blades are mounted symmetrically about a circle and lie
in a plane. Vibration is restricted to the same plane. At the hub end,
each beam rotates against a grounded torsional spring krg and trans-
lates against a grounded linear spring klg . The beams are connected
by rotationalcouplingspringskrc and linearcouplingspringsklc. The
beams are free at the other end. The displacement of beam i is des-
ignated yi .x; t/, and the independentvariable x is not distinguished
among the beams. As Euler–Bernoulli beam theory assumes small,
linear deformations, the rotationof the torsional springs is assumed
equal to the slopeof the beam displacementat the hub, @yi =@x.0; t/.
Additionally, the angle the linear coupling springs klc makes with
the beams is assumed to be a right angle, as proper accountingof the
force in the spring would only involve multiplicationby a common
angle sine, which could be incorporatedinto the spring constant klc.
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Fig. 1 Idealized bladed-disk assembly for an arbitrary number of
blades.

Application of Hamilton’s principle for uniform beams yields the
equations of motion

.1 C j°i /.E I /i
@4 yi

@x4
C m i

@2 yi

@t 2
D pi .x; t/ .1/

where m i D ½hbi , and the boundary conditions

0 D .1 C j°i /.E I /i
@2 yi

@x2
.0; t/ ¡ krg

@yi

@x
.0; t/

C krc
@yi C 1

@x
.0; t/ C @yi ¡ 1

@x
.0; t/ ¡ 2

@yi

@x
.0; t/

(2)

0 D .1 C j°i /.E I /i
@3 yi

@x3
.0; t/ C klg yi .0; t/

C klc[2yi .0; t/ ¡ yi C 1.0; t/ ¡ yi ¡ 1.0; t/]

0 D @2 yi

@x2
.l; t/ D @3 yi

@x3
.l; t/

It can be easily veri� ed that these equationsare self-adjoint accord-
ing to the de� nition given in Ref. 4 even for a mistuned assembly,
provided the mistuning arises from parameter differences among
the beams. (If the mistuning is the result of some other irregulari-
ties, the problem is more dif� cult to solve, but the response is not
qualitativelydifferent.)Thus, the systemwill uncoupledue to the or-
thogonalityof the eigenfunctionsets according to the modalization
procedure given in Ref. 4.

In the speci� c analysisperformed,eight uniformrectangularsteel
(E D 220:6 GPa and ½ D 7500 kg/m3) blades of dimensions l D 0:5,
h D 0:02, and b D 0:01 m were used. The blades were mistuned
by alteration of the blade thickness b from the nominal value us-
ing a random number generator with a 1% standard deviation of
a Gaussian distribution (actual blade thicknesses are indicated in
Fig. 2). Blades 6–8 were moderately damped (° D 0:02), and the
other � ve blades were lightly damped (° D 0:002). A phased har-
monic tip load was applied to the beams:

pi D F±.x ¡ l/ exp[ j .!t C µi /]; µi D
2¼.i ¡ 1/

n
.3/

where F is a constant.These parameters were chosen to parallel the
analysis in Ref. 3.

Eigenanalysis
The eigenanalysis was performed in the usual way by assuming

harmonic motion (the free response is not really harmonic, but the
decay is accounted for in the imaginarypart of N!) and separationof
variables:

yi .x; t/ D Yi .x/g.t/ D .Ai cos ¯i x C Bi sin ¯i x

C Ci cosh¯i x C Di sinh ¯i x/ e j N!t (4)

where

¯4
i D

m i N!2

.E I /i .1 C j°i /
.5/

As there are four boundaryconditionsfor each beam, the eigenvalue
problem consists of a 4n £ 4n (n D 8 in our case) matrix whose

Fig.2 Eigenfunctionsofmode1 for moderatecoupling:——, real part,
and – – – , imaginary part.

determinant will vanish when N! coincides with an eigenvalue.This
must generally be done by iteration or a complex root solver until
the desired number of complex eigenvalues is found. The 4n eigen-
functioncoef� cients Ai – Di are thendeterminedbyassuminga value
for one of them, moving the correspondingcolumn to the other side
of the equation, substituting the desired eigenvalue, deleting a row
from the rank de� cient boundary condition matrix, and solving for
the remaining 4n ¡ 1 coef� cients.

Eigenanalysis was performed on the eight-bladedmodel for two
cases of blade-to-bladecoupling.A precisionof 120 decimal places
was used to calculatethecharacteristicdeterminant(of theboundary
conditionmatrix). The eigenvalueswere found to 12 decimalplaces,
and this precision was propagated through the remaining analysis
using a machine precision of 16 decimal places. The � rst case,
considered light coupling,had ratios of the coupling and grounding
springs of krc=krg D klc=klg D 1

30 . Modes computed for this case had
amplitudes localized to a single blade, i.e., the motion of blades was
not coupled. The eight � rst bending modes are ranked according
to the beam thickness: The � rst mode has a large response in the
thinnest blade and so on.

A second case was analyzed to study the effect of moderate cou-
pling (krc=krg D klc=klg D 1). The group of � rst bending modes for
this case includes both localized and coupled behavior. The � rst
mode shape for the moderately coupled case is shown in Fig. 2,



TURCOTTE, HOLLKAMP, AND GORDON 2227

Fig.3 Eigenfunctionsofmode6 for moderatecoupling:——, real part,
and – – – , imaginary part.

where the real parts of the eigenfunctionsare shown by solid lines
and the imaginary parts by dashed lines. This mode is localized to
blade6, a moderatelydampedblade.Blade 5, the bladewith the next
highestamplitudefor this mode, has an amplitudeof only 3% of that
of blade 6. In contrast to the � rst mode, mode 6 exhibits coupling,
as shown in Fig. 3. Blade 7, a moderately damped blade, has the
highestamplitude,but blade 8 also has signi� cant amplitude (15%).
Other modes in the � rst bending group also exhibit coupling, but
none of the modes have signi� cant coupling between damped and
undampedblades. If a mode has couplingof damped and undamped
blades, it is dif� cult to identify the damping contributionof a single
damped blade.

We should reemphasizehere that this is an exact result within the
con� nes of structurally damped Euler–Bernoulli beam theory. No
expansion of component modes has been assumed.

A two-blade model was executed on NASTRAN using 80 struc-
turally damped CBARS and eight CELAS1 elements to verify the
analytical eigenanalysis. The NASTRAN results matched the ana-
lytical results within a fraction of a percent on eigenvalues, mode
shapes, and phasing.

Forced Response
To modalizetheequationsfollowingtheproceduregivenin Ref.4,

we � rst expandthebeamresponsesin an in� nite seriesof theireigen-
functions (the ones from the exact eigenanalysis,not the eigenfunc-
tions of a single-componentbeam):

yi .x; y; t/ D
1

r D 1

´r .t/Yir .x/ .6/

Theseeightexpansionsare substitutedinto theircorrespondingcom-
ponent equations of motion (1).

Next, these n equations are multiplied by the eigenfunction for
their respective components of an arbitrary mode. The resulting
products are then integrated over the domain of the components. If
we also assume harmonic time dependence at frequency !, as we
should expect from the harmonic applied load, these equationsmay
be written as

l

0

.1 C j°i /.E I /i
@4

@x4

1

r D 1

´r .t/Yir Yi s dx

C
l

0

m i

1

r D 1

Ŕr .t/Yir Yis dx D
l

0

pi Yis dx

D FYis .l/ exp[ j .!t C µi /] (7)

We emphasizethat, at thispoint,all terms in the seriesmay survive
the integration, as the individual eigenfunctions of a given beam
and mode need not be orthogonal to any other eigenfunctionof that
beam. Indeed, it should be clear from Fig. 2 that the eigenfunctions
of a given beam will be very similar for any group of modes, such as
the � rst bending modes. Therefore, up to n terms in the preceding
summations (after integration) will typically be comparable in size,
whereas the remaining terms may be small in comparison. It is
the summation of all n Eqs. (7) that yields the modal equations of
motion. Thus, the � nal step in modalizing the equations is

n

i D 1

l

0

.1 C j°i /.E I /i

m i

@4

@x4

1

r D 1

´r .t/Yir Yis dx

C
l

0

1

r D 1

Ŕr .t/Yir Yis dx D
FYi s.l/

m i
exp[ j .!t C µi /] (8)

where we have also divided each equation by its constant m i . Be-
cause the eigenfunctionsare of the form (4), taking the four deriva-
tives in the � rst term of Eq. (8) gives back the same eigenfunction
with the coef� cient ¯4

i , which is given by Eq. (5). It should be clear
from Eq. (8) that, by substitutionfrom Eq. (5), the same series terms
for all n equations will have the same coef� cient N!2

r :

n

i D 1

1

r D 1

N!2
r ´r .t/ C Ŕr .t/

l

0

Yir Yis dx

D
FYis .l/

m i
exp[ j .!t C µi /] (9)

None of the integralsneed vanish; however, the sum over n of these
integrals for each mode r will vanish except for the s term because
the problemis self-adjointaccordingto thede� nitiongivenin Ref. 4.
The decoupled modal equations are then

N!2
s ´s.t/ C Ŕs.t/

D F
n

i D 1

Yi s.l/ exp[ j .!t C µi /]
n

i D 1

m i

l

0

Y 2
is dx

(10)
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Fig. 4 Magnitude of the blade tip forced response due to phased tip
loads (lightly coupled system).

The modal equations of motion are easily solved by assuming
a particular solution of exponential form, but there are in� nitely
many of them. According to the usual procedure in modal analy-
sis, the modal response summation (6) is truncated after inclusion
of all modes having frequencies below a multiple (for example,
three) of the driving frequency. For our study, we assume the driv-
ing frequency is near the � rst modal frequency and include in the
response all modes through the third bending group (the � rst 24
modes, which include all natural frequenciesbelow 7000 rad/s), al-
though the error in using only the � rst eight modes is less than 10%
as compared with that using 24 modes. Figure 4 plots the forced re-
sponse magnitude of the blade tips [we set x D l in Eq. (6), sum the
� rst 24 terms, and then take the magnitude] through the � rst bend-
ing frequency range for the case of light coupling. Figure 4 shows
that, when coupling is light and modes are localized, the forced
response for a blade is dominated by a single mode. In this case,
damping can be easily estimated. In Fig. 5, we plot the same results
for the moderately coupled case. It should be clear from these plots
that moderate coupling can complicate the identi� cation of modal
damping.

We also analyzed the case in which the loads are in phase (µi D 0).
In this case, the peak amplitudes change slightly, but there is no
qualitative change in the response; therefore, we do not present
these results.

Fig. 5 Magnitude of the blade tip forced response due to phased tip
loads (moderately coupled system).

Conclusions
The results show that, depending on the amount of coupling be-

tween the blades, the response is multimodal, making it dif� cult to
extrapolate the results of an experiment run on a partially damped
assembly to that of a fully damped assembly.The results are in gen-
eral agreement with those of existing models but obviously include
higher-ordermodes and highly detailed mode shapes. By including
the complex eigenanalysis, this work also provides more accurate
forced response results and detailed mode shape information,as the
phasing of the mode shapes is included.
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